ABSTRACT Linearly polarized emission is described, in general, in terms of the Stokes parameters Q and U , from which the polarization intensity and polarization angle can be determined. Although the polarization intensity and polarization angle provide an intuitive description of the polarization, they are affected by the limitations of interferometric data, such as missing single-dish data in the u-v plane, from which radio frequency interferometric data is visualized. To negate the effects of these artefacts, it is desirable for polarization diagnostics to be rotationally and translationally invariant in the Q-U plane. One rotationally and translationally invariant quantity, the polarization gradient, has been shown to provide a unique view of spatial variations in the turbulent interstellar medium when applied to diffuse radio frequency synchrotron emission. In this paper we develop a formalism to derive additional rotationally and translationally invariant quantities. We present new diagnostics that can be applied to diffuse or point-like polarized emission in any waveband, including a generalization of the polarization gradient, the polarization directional curvature, polarization wavelength derivative, and polarization wavelength curvature. In Paper II we will apply these diagnostics to observed and simulated images of diffuse radio frequency synchrotron emission.
INTRODUCTION
Observations of polarized emission are capable of providing unique insights on many astrophysical processes, which cannot be obtained from an analysis of the total intensity emission alone. For example, the Zeeman splitting of atomic and molecular spectral lines provides a method to measure the magnetic field in cold neutral or molecular gas (Crutcher et al. 2010; Robishaw et al. 2015) . Polarized thermal dust emission has been used to improve models of the large-scale Galactic magnetic field (Planck Collaboration et al. 2016) , and can provide insights on turbulent driving mechanisms in the interstellar medium (ISM, Caldwell et al. 2017 ).
At radio wavelengths, observations of polarized synchrotron emission from point sources and its associated Faraday rotation have been used to study the large-scale Galactic (Oppermann et al. 2015) and pan-Magellanic (Kaczmarek et al. 2017 ) magnetic fields, and observations of polarized diffuse emission have been used to study the local ISM (Lenc et al. 2016; Van Eck et al. 2017 ) and large Galactic structures (Sun et al. 2015; Hill et al. 2017 ). Radio observations can also be used to study the magnetic fields of other galaxies. For example, O'Sullivan et al. (2013) probed the thermal gas, magnetic field and radio-emitting electrons in the lobes of Centaurus A, coherent magnetic fields in galaxies (Fletcher et al. 2011 ) and merging galaxies (Basu et al. 2017 ) have been detected, and fluctuations of the observed polarized emission from M51 suggest that superbubbles and Parker instabilities drive the interstellar turbulence in that galaxy (Mao et al. 2015) .
In the future, polarimetry is set to play an even more significant role in improving our understanding of astrophysical processes, as the Square Kilometre Array will provide detailed polarimetric information on millions of point sources, and large areas of diffuse emission (see Gaensler et al. 2015 and Johnston-Hollitt et al. 2015 for an overview).
As the measurement of polarized emission has significant potential to provide unique insights, it is important to ensure that all of the information encoded by the polarization state of the emission is extracted, in a manner that is robust to observational artefacts and amenable to statistical analysis. For emission that is linearly polarized, the intuitive quantities to measure are the polarization intensity P , and the polarization angle ψ, measured anti-clockwise from North (see Hamaker & Bregman 1996 for an interpretation of the conventions established by the IAU 1974).
Rather than use P and ψ, we can also use the Stokes parameters Q and U to provide a complete description of linearly polarized emission. The Stokes parameters are orthogonal decompositions of the linear polarization, such that Q measures vertical and horizontal polarization, and U measures the polarization along diagonals at 45
• to the vertical and horizontal (see Stokes 1852 , Gardner & Whiteoak 1966 , and Saikia & Salter 1988 for introductions to the Stokes parameters). From Q and U , the polarization intensity and polarization angle are calculated according to P = Q 2 + U 2 , and ψ = 1 2 arctan U Q .
We can then define the complex polarization P = Q + iU , such that the polarization intensity P = |P |, and the azimuthal angle in the complex Q-U plane is 2ψ.
Although the polarization intensity and polarization angle are intuitive quantities, they suffer from the limitations of interferometric data, and poor statistical properties, that complicate the link between these quantities and astrophysical processes. For instance, while Q and U exhibit Gaussian noise properties, this is not true for P and ψ. The noise in Q and U is squared when calculating P , having a Ricean distribution, and this causes the observed polarization intensity to be biased towards larger values (Wardle & Kronberg 1974; Simmons & Stewart 1985) . This has been a key topic recently, with Montier et al. (2015a,b) , Vidal et al. (2016) and Müller et al. (2017) examining how noise and noise correlations affect P and ψ, and developing methods to remove the bias from polarization intensity.
A limitation of interferometric data that can influence the measured values of P and ψ is missing data in the u-v plane, from which radio frequency interferometric data is visualized. If short-baseline data, or single-dish data, are missing from the u-v plane, then the produced image will not display emission from large-scale structures. We can consider the effect of missing short-baseline data as causing a translation in the Q-U plane, because we would need to add the Stokes Q and U of the large-scale structure to the observed Q and U , in order to have a complete image. Hence, we desire polarimetric diagnostics to be translationally invariant in the Q-U plane to avoid the effect of missing short-baseline data. Rotation in the Q-U plane could be caused by rotating the coordinate system used to define the polarization angle, as this would change the measured values of ψ. Any physically meaningful quantity should not depend on the coordinate system used to measure it, and so we also desire polarimetric quantities that are rotationally invariant in the Q-U plane.
A quantity that is rotationally and translationally invariant in the Q-U plane is the 'polarization gradient', |∇P |, derived by Gaensler et al. (2011) . The amplitude of the polarization gradient is given by
where x and y are the Cartesian axes of the image plane. Eq. 2 illustrates that the polarization gradient traces spatial changes in Stokes Q and U , and hence spatial changes of the complex polarization as a whole. The angle that the polarization gradient makes with the x axis of the image is given by arg(∇P ) = arctan sign ∂Q ∂x
Gaensler et al. (2011) calculated the amplitude of the polarization gradient for the Southern Galactic Plane Survey (McClure-Griffiths et al. 2001) , and found that it traced spatial variations in the warm-ionized medium caused by vorticity, shear, and shocks, providing a unique view of interstellar turbulence. Burkhart et al. (2012) calculated the amplitude of the polarization gradient for mock observations of synchrotron emission propagating through a turbulent magnetoionic medium, and found that statistics of polarization gradient structures, such as the genus, were sensitive to the regime of turbulence. The polarization gradient has been applied to observations by Iacobelli et al. (2014) , Sun et al. (2014) and Herron et al. (2017) , to constrain the sonic Mach number of observed magnetoionic turbulence, and Robitaille & Scaife (2015) found that there were different networks of filaments in the images of the amplitude of the polarization gradient on different angular scales in a field of the Canadian Galactic Plane Survey (Landecker et al. 2010) . Robitaille et al. (2017) also compared the polarization gradient to the E-and B-modes (Zaldarriaga & Seljak 1997) of diffuse synchrotron emission in the S-band Polarization All Sky Survey (Carretti 2010; Carretti et al. 2013) , and found that the two had similar properties, and provide complementary information on observed magnetoionic turbulence.
Although new rotationally and translationally invariant quantities have yet to be examined, there has been progress in developing promising diagnostics of turbulence. Soler et al. (2013) developed the Histogram of Relative Orientations, and used it to study the alignment of the magnetic field with filaments of molecular gas. Lazarian & Pogosyan (2016) introduced two new methods that use fluctuations in synchrotron polarization to study magnetoionic turbulence in the ISM. The first method, Polarization Spatial Analysis, provides the spectrum of magnetic fluctuations, and is sensitive to the ratio of the regular to the random magnetic field . The second method, Polarization Frequency Analysis, provides information on the statistics of the magnetic field and Faraday rotation (Zhang et al. 2016) .
In this paper we derive new quantities that are rotationally and translationally invariant in the Q-U plane. In Section 2 we introduce the framework that we use to derive new invariant quantities. In Sections 3 and 4 we derive invariant quantities that involve the first and second order spatial derivatives of Stokes Q and U respectively. We derive invariant quantities that involve the first and second order derivatives of Q and U with respect to wavelength in Sections 5 and 6 respectively, and in Appendix A we derive quantities that depend on spatial and spectral derivatives of Q and U . We discuss potential applications of the new invariant quantities in Section 7, and conclude in Section 8. Although we focus on diffuse, radio-frequency synchrotron emission throughout this paper, we emphasize that the diagnostics derived in this paper can be applied to any linearly polarized emission, in any waveband, and the interpretation of the diagnostics will depend upon the object observed. In Paper II, we calculate these diagnostics for observed and simulated radio synchrotron emission arising from the turbulent, magnetoionic ISM.
THEORETICAL FRAMEWORK
To derive quantities that are rotationally and translationally invariant in the Q-U plane, we consider a region of the sky that has been imaged over a range of wavelengths. We define the Cartesian x and y axes in this image, which Q U Fig. 1 .-A diagram illustrating the calculation of the polarization directional derivative. The image plane is on the left, and we calculate the derivative of the polarization along a path, in the direction determined by the angle θ. The path in the image plane corresponds to a path in the Q-U plane, and we calculate the speed at which we traverse this path. The background image is of polarization gradients from a portion of the Canadian Galactic Plane Survey, see Herron et al. (2017) for more information.
lies in the plane of the sky, as shown in Fig. 1 . At a given wavelength λ, Stokes Q and U will vary across this image, so we consider Q and U as functions of space and wavelength, i.e. Q = Q(x, y, λ 2 ) and U = U (x, y, λ 2 ). Note that we consider Q and U as functions of λ 2 , rather than of λ, because a common cause of wavelength dependent polarization is the Faraday rotation of polarized emission as it propagates through a magnetoionic medium, and this effect is proportional to λ 2 . For the equations presented in this paper, it is also valid to replace λ 2 with λ, or with the frequency ν of the emission.
We consider moving along a line element in the image plane, of length ds, oriented at angle θ relative to the x-axis, as shown in Fig. 1 . As we move along this path, we trace out a corresponding path in the Q-U plane, parametrized by the distance in the image plane, s. We can describe this path by a vector in the complex plane, P (s) = (Q(s), U (s)). It is intuitively clear that the speed at which we traverse the path in the Q-U plane, and the shape of this path, are invariant under rotations and translations of the Q-U plane.
The rate of change of the polarization vector with distance in the image plane is
where the derivatives of Q and U with respect to s can be found via the chain rule: 
By considering infinitesimal lengths in the image plane, we also have ∂x ∂s = cos θ, and ∂y ∂s = sin θ.
Having established the framework for spatial derivatives of polarization, we now consider the analogous case of derivatives with respect to wavelength. For this case, we consider a single point in the image plane, shown by a green dot in Fig. 2 . As we change the observing wavelength, a curve is traced in the Q-U plane, and the speed and curvature of this path should be invariant quantities. The rate of change of the polarization with respect to wavelength squared is then given by
To test whether a diagnostic is rotationally and translationally invariant in the Q-U plane, we consider rotating the Q-U plane anti-clockwise by angle φ, and then translating the Q-U plane by a + ib, so that the new complex polarization 4 is given by P * (x, y, λ 2 ) = Qe iφ + iU e iφ + a + ib. By collecting real and imaginary parts, the values of Stokes Q and U in the transformed plane, Q * and U * , are given by
-A diagram illustrating the calculation of the polarization wavelength derivative. The image plane is on the left, and we consider the polarization at a pixel in the image, marked by the green dot. As the wavelength changes, a path is traversed in the Q-U plane, and we calculate the speed at which we traverse this path. The background image is of polarization gradients from a portion of the Canadian Galactic Plane Survey, see Herron et al. (2017) for more information.
We perform calculations on the transformed Stokes parameters, by substituting them for Q and U in Eq. 4 and Eq. 7. A diagnostic is then rotationally and translationally invariant in the Q-U plane if it is independent of φ, a, and b.
We note that it is possible to generalize this framework to include circular polarization, by considering the polarization vector as P = (Q, U, V ), and three-dimensional rotations and translations, however this is beyond the scope of this paper.
FIRST ORDER SPATIAL DERIVATIVES
We test our framework for calculating polarization diagnostics by attempting to derive the polarization gradient. We start with Eq. 4 for spatial changes of complex polarization, and calculate the amplitude of this vector, to find the total rate of change of polarization in a specified direction. This amplitude is 
In Eq. 9, θ is a diagnostic parameter that can be specified to calculate the rate of change of the complex polarization vector at a position in an image, in a specified direction. We call Eq. 9 the 'polarization directional derivative', and it is rotationally and translationally invariant in the Q-U plane. We interpret the polarization gradient as defined in Eqs. 2 and 3 as the maximum rate of change of the complex polarization vector, and so we attempt to derive the polarization gradient by maximizing the polarization directional derivative over θ. We first consider the simplest case, where the observed polarization has uniform polarization intensity across the image. This case may occur if there is a sheet of polarized emission propagating through a Faraday rotating medium, for instance, and we refer to it as the 'backlit' case. In this case, we substitute Q = P cos 2ψ and U = P sin 2ψ into Eq. 9, and find that the directional derivative is given by
and it is maximized for an angle θ max,backlit given by tan θ max,backlit = ∂ψ ∂y
The maximum amplitude of the directional derivative for the case of backlit emission is then given by
and so for the case of backlit emission, the maximum amplitude of the directional derivative is the same as the amplitude of the polarization gradient, as expected. However, our formula for the angle that maximizes the directional derivative differs from the formula given for the angle that the polarization gradient makes with the x axis of the image, given by Eq. 3. We will discuss possible reasons for this discrepancy at the end of this subsection.
For the most general case where both the polarization intensity and polarization angle vary across an image, we find that the polarization directional derivative is maximized for an angle θ max that satisfies both cos 2θ max = − 
Both the maximum amplitude of the directional derivative and θ max are rotationally and translationally invariant in the Q-U plane. From Eq. 15, it is clear that the maximum amplitude of the directional derivative differs from the amplitude of the polarization gradient as given in Eq. 2. The difference lies in the final term beneath the square root, which can be interpreted as the determinant of the Jacobian that defines the transformation between the image and Q-U planes, or alternatively, as the amplitude of the cross product of the gradient of Q and the gradient of U . If this term is zero, then the maximum amplitude of the directional derivative is the same as the amplitude of the polarization gradient. This implies that the amplitude of the polarization gradient is only equal to the maximum change of polarization for the special case of backlit emission, and so we will refer to the maximum amplitude of the directional derivative as the 'generalized polarization gradient'. We will discuss the interpretation of the polarization gradient further in Section 3.1. As the generalized polarization gradient is very similar to the polarization gradient, we believe that the generalized polarization gradient will similarly trace changes in the complex polarization that may be caused by vorticity, shear, or shocks, when applied to diffuse synchrotron emission, and we test this proposal in Paper II. From Eqs. 13 and 14, it is clear that θ max differs from arg(∇P ). We believe that the differences between the generalized polarization gradient and the polarization gradient derived by Gaensler et al. (2011) arise because of how the transformation between the image and Q-U planes is treated in our framework, which was not considered by Gaensler et al. (2011) . This caused Gaensler et al. (2011) to implicitly assume that the gradient of Q and the gradient of U were in the same direction in the image plane. In addition to calculating the maximum amplitude of the directional derivative, it is also possible to calculate the minimum amplitude. This quantity could be used to determine contours on which the complex polarization does not change, which could potentially be used to automatically identify polarization gradient filaments. The minimum amplitude is attained for an angle θ min that satisfies 
and the minimum amplitude of the directional derivative is given by 
We note that the angles θ max and θ min do not differ by 90
• unless the determinant of the Jacobian of polarization derivatives is zero, and so the directions that maximize and minimize the directional derivative are not necessarily perpendicular.
Components of the Directional Derivative
As the polarization directional derivative is a vector in the Q-U plane, it is possible to decompose it into components that are radial and azimuthal in the Q-U plane. The radial component quantifies how changes in polarization intensity contribute to the directional derivative, and the azimuthal component, which we will hereafter refer to as the tangential component, quantifies how changes in polarization angle, weighted by polarization intensity, contribute to the directional derivative. This decomposition is illustrated in Fig. 3 . The radial and tangential components can provide information on whether individual polarization gradient features are caused by changes in polarization intensity or polarization angle.
If changes in polarization intensity are dominant for a feature, then this could imply that the amount of depolarization due to the addition of polarization vectors along the line of sight varies significantly between different positions, and it follows that the medium producing the polarized emission may be very turbulent. This is true for both thermal dust emission and for synchrotron emission. If changes in polarization angle are dominant, then this could indicate changes in the regular magnetic field threading the observed region, as this would produce significant changes in the emitted polarization angle in the case of thermal dust emission or synchrotron emission. Additionally, changes in the regular magnetic field may also cause the amount of Faraday rotation along different lines of sight to vary significantly, in the case of synchrotron emission.
To calculate the radial and tangential components of the directional derivative, we consider the radial and azimuthal basis vectors in the Q-U plane, which arê r = (cos 2ψ, sin 2ψ), andψ = (− sin 2ψ, cos 2ψ)
respectively. By projecting the directional derivative onto these basis vectors, we obtain the radial and tangential components of the directional derivative, which are 
respectively. As the relationship between the directional derivative and the radial and azimuthal basis vectors changes with translations of the Q-U plane, the radial and tangential components of the directional derivative are not translationally invariant quantities, although they are rotationally invariant. However, they are still useful as a means of quantifying the contribution of changes in polarization intensity and polarization angle to the amplitude of the directional derivative. As for the directional derivative, it is possible to calculate the value of θ that maximizes the radial and tangential components of the directional derivative. The maximum of the radial component is 
The maximum value of the tangential component is 
By using the relationship between the Stokes parameters and P and ψ, we can express the maxima of the radial and tangential components of the directional derivative in terms of the polarization intensity and polarization angle:
Eq. 28 demonstrates that the maximum value of the radial component of the directional derivative is the same as the gradient of polarization intensity 5 , and Eq. 29 shows that the maximum of the tangential component is the same as the gradient of the polarization angle, weighted by polarization intensity. The advantage of Eqs. 22 and 25 is that they provide a simple means of comparing the importance of changes in polarization intensity and polarization angle throughout an image, and allow us to calculate these gradients without calculating the derivatives of the polarization intensity or polarization angle, which suffer from noise bias. However, Eqs. 22 and 25 involve square roots of squared quantities, and so are likely subject to a noise bias that is similar to the noise bias that affects polarization intensity (Wardle & Kronberg 1974; Simmons & Stewart 1985) . A statistical analysis is required to determine whether Eqs. 22 and 25 provide a more robust method of calculating gradients of the polarization intensity or polarization angle. This analysis could be performed by calculating the gradients of the polarization intensity and polarization angle for mock polarization images produced from simulations of turbulence, and comparing how the methods of calculating the gradients behave when noise is added to the image. Such an analysis is well suited to a paper that investigates how the diagnostics derived in this paper behave in the presence of noise, and is beyond the scope of this paper.
From Eqs. 22 and 25, we find that the maxima of the radial and tangential components of the directional derivative are related to the polarization gradient according to
The polarization gradient is hence equal to the quadrature of the maximum values of the radial and tangential components of the directional derivative, and hence to the quadrature of the gradients of polarization intensity and polarization angle. While Eq. 30 suggests a Pythagorean relationship between these three quantities, we note that the radial and tangential components of the directional derivative are maximized in directions that are not perpendicular, in general. We also note that the radial and tangential components are not necessarily maximized for the same value of θ, and so the radial and tangential components of the polarization gradient are not necessarily equal to the maximal values of these components.
SECOND ORDER SPATIAL DERIVATIVES AND CURVATURE
In the previous section we derived a formula for the speed at which we traverse a path in the Q-U plane as we move across an image, as this quantity is a property of the traversed path that is invariant under rotations and translations of the Q-U plane. Another invariant property of the traversed path is its curvature, which we derive in this section. As the curvature is independent of the speed at which we traverse the path, the curvature has the potential to provide a new way of visualizing magnetoionic turbulence, that is complementary to the gradient.
To derive the curvature of a path in the Q-U plane, we first need to re-parametrize it by the arc length of the path, to ensure that the path is traversed at unit speed. This step is important in defining a unique value of the curvature of the path, as traversing the path at different speeds will lead to different measured accelerations (see do Carmo 2016 for more information).
We let z(s) be the arc length in the Q-U plane, such that z = 0 when s = 0,
We now re-parametrize the complex polarization vector to be a function of arc length, P (z). We note that we can only make this re-parametrization if the directional derivative is non-zero in the direction that we wish to calculate the curvature in. We can then calculate the unit-length velocity vector of the re-parametrized curve,
and the acceleration vector, which is perpendicular to the velocity vector, is
The amplitude of the acceleration vector gives the curvature of the path in the Q-U plane. Although we omit the derivation here, it is possible to calculate the second derivatives of the Stokes parameters with respect to z, in terms of x, y and θ, by using the chain rule and the Fundamental Theorem of Calculus. We call the amplitude of the acceleration vector the 'polarization directional curvature', k s (x, y, λ 2 ; θ):
and we find that this quantity is rotationally and translationally invariant in the Q-U plane by using the method outlined in Section 2. Note that in Eq. 34, we divide by the cube of the amplitude of the directional derivative, which reflects the fact that it is not valid to re-parametrize by arc length if the directional derivative is zero at a particular point in an image, in a specified direction. A convenient way of avoiding the problem of zero directional derivative is to calculate the directional curvature in the direction that maximizes the directional derivative, θ max . This ensures that the curvature is calculated in a direction for which it is valid to calculate the curvature, at every pixel of an image. The only pixels that are exceptions to this are those for which the maximum amplitude of the directional derivative is zero, and in this case the curvature cannot be calculated in any direction for the pixel. We also note that because the directional derivative (which is approximately proportional to polarization intensity) is cubed in the denominator of Eq. 34, and the numerator of Eq. 34 scales as the polarization intensity squared, the directional curvature is approximately inversely proportional to polarization intensity. This means that the curvature can be very large in areas of high noise, and these areas should be masked prior to calculating the curvature.
Unlike the directional derivative, the polarization directional curvature can be either positive or negative. Positive curvature corresponds to a path that we traverse in an anti-clockwise direction (the cross product of the unit velocity vector and the acceleration vector points out of the Q-U plane), and negative curvature corresponds to a path that is traversed in a clockwise direction. Reversing the direction in which we calculate the directional curvature in the image plane causes the direction that we traverse the path in the Q-U plane to reverse, and so it causes the sign of the curvature to flip. This means that we only need to calculate the directional curvature for values of θ between 0
• and 180
• , as the curvature for other values of θ will only differ in sign from the curvature for values of θ in this range. While it should be possible to determine an analytic expression for the value of θ that maximizes the directional curvature, and the maximum directional curvature, it is mathematically arduous to do so. Instead, the maximum value of the directional curvature can be determined numerically, by calculating the curvature for various values of θ.
Any path in a two-dimensional plane, such as the Q-U plane, is completely defined by its velocity vector and its curvature, and hence we do not expect there to be any other rotationally and translationally invariant quantities that are independent of the directional derivative and directional curvature, and which only involve spatial derivatives of the complex polarization, in a specified direction of the image.
In this section, we consider how the complex polarization vector changes as we vary the observing wavelength, at a given pixel of the image, as shown in Fig. 2 . For the case of synchrotron emission from a discrete or diffuse source, these wavelength derivatives have the potential to reveal the statistics of the turbulent Faraday rotating medium, as they probe the interference of polarization subjected to differing amounts of Faraday rotation, similar to the Polarization Frequency Analysis method developed by Lazarian & Pogosyan (2016) .
We define the polarization wavelength derivative as a vector in the Q-U plane by Eq. 7. As was the case for the polarization directional derivative, the amplitude of this vector is rotationally and translationally invariant in the Q-U plane, and it is given by
We will refer to Eq. 35 as the 'polarization wavelength derivative'. We note that Lazarian & Pogosyan (2016) investigated the correlation function of the vector form of the polarization wavelength derivative, and found that it was sensitive to Faraday rotation. It is possible that the correlation function of Eq. 35 is also sensitive to Faraday rotation, whilst also being rotationally and translationally invariant in the Q-U plane.
As was done for the directional derivative (Eq. 9), it is possible to calculate the radial and tangential components of the wavelength derivative in the Q-U plane. The radial and tangential components of the wavelength derivative are given by ∂P ∂λ 2 rad = cos arctan U Q ∂Q ∂λ 2 + sin arctan U Q ∂U ∂λ 2 , and (36)
respectively. The radial and tangential components of the wavelength derivative are not translationally invariant in the Q-U plane, but are rotationally invariant. The radial component of the wavelength derivative quantifies how changes in polarization intensity with wavelength contribute to the wavelength derivative, and the tangential component quantifies how changes in the polarization angle, weighted by the polarization intensity, contribute to the wavelength derivative.
As was the case with the radial and tangential components of the directional derivative, if the wavelength derivative of synchrotron emission is dominated by changes in polarization intensity, it implies that the emitting medium is highly turbulent, due to depolarization of Faraday rotated polarization vectors along the line of sight. If the wavelength derivative of synchrotron emission is dominated by changes in polarization angle, it may indicate the presence of a strong, regular magnetic field that is causing significant Faraday rotation of the polarization vectors.
SECOND ORDER WAVELENGTH DERIVATIVES AND CURVATURE
We can also calculate the curvature of the path traversed in the Q-U plane as the wavelength changes, by first defining the arc length of this path, l(λ 2 ), by
where λ 2 min is calculated at the smallest observed wavelength. Assuming that the wavelength derivative is non-zero at this pixel, and at this wavelength, we can re-parametrize the path in the Q-U plane as P (l). Then the first order derivative of P (l) with respect to l provides the unit-length velocity along the path, and the second order derivative
is the acceleration vector, whose amplitude gives the curvature of the path. We call this the 'polarization wavelength curvature',
and it is rotationally and translationally invariant in the Q-U plane. Similar to the directional curvature, the wavelength curvature is approximately inversely proportional to polarization intensity, and can be positive or negative, where positive curvature corresponds to a path that is traversed anti-clockwise, and negative curvature corresponds to a path that is traversed clockwise, as depicted in Fig. 4 . In Fig. 4 we display paths in the Q-U plane that have the same positive curvature (on the left) and the same negative curvature (on the right), but that have been rotated and translated around the Q-U plane. We note that the rotation measure, defined as the rate of change of the polarization angle, and commonly used to measure Faraday rotation due to a magnetoionic medium, is different for all of the paths on the left of Fig. 4 . The polarization wavelength derivative and wavelength curvature, on the other hand, are invariant, and so may provide a more robust means of studying Faraday rotation. All curves on the left are the same, as are all curves on the right. Note that the rotation measure, defined as the rate of change of polarization angle, is different for all of the curves on the left. However, the polarization wavelength derivative and wavelength curvature are the same for all of these curves.
DISCUSSION
The polarization diagnostics that we have presented have potential applications to different forms of polarized emission. For observations of polarized, thermal dust emission, and diffuse synchrotron emission, the polarization directional derivative and directional curvature describe spatial variations in the magnetic field and density, which may be caused by vorticity, shear, or shocks. For these different emission types, interstellar turbulence plays a large role, and so statistics of the directional derivative and directional curvature could be used to constrain properties of turbulence in different phases of the ISM, by using the same approach as Burkhart et al. (2012) .
For polarized dust emission, the polarization wavelength derivative may trace how the density and magnetic field of dust at different temperatures changes, as cooler dust may dominate the observed polarized emission at long wavelengths. When the polarization wavelength derivative is applied to radio-frequency synchrotron emission, it should mostly probe Faraday rotation within and in front of the emitting region (this is the dominant wavelengthdependent mechanism), providing insight on the turbulent magnetoionic medium along the line of sight. In both cases, statistics of polarization wavelength derivative and wavelength curvature maps could be used to help constrain properties of turbulence.
Polarization wavelength derivatives can also be applied to discrete sources of polarized synchrotron emission, such as unresolved radio galaxies. In this context, the wavelength derivative and wavelength curvature can provide a new way of studying the interference of different polarized components within the telescope beam, such as the lobes and nucleus of a radio galaxy. In particular, as the wavelength derivative and wavelength curvature completely describe the dependence of polarization on wavelength in a manner that is robust to observational artefacts, they could be incorporated into the QU -fitting method that is currently used to fit models of polarized emission from radio galaxies to observations (e.g. O'Sullivan et al. 2012 , Anderson et al. 2016 ).
Although we do not investigate the noise statistics of our derived diagnostics in this paper, we note that because all of our invariant diagnostics involve a square root of squared quantities (the polarization directional curvature and polarization wavelength curvature have such terms in their denominators), they will be subject to a noise bias similar to the Ricean bias that affects polarization intensity. None of our diagnostics have a Ricean noise distribution, and so it will be necessary to analyze the noise properties of each diagnostic in order to understand the behaviour of these diagnostics when applied to a noisy signal.
CONCLUSIONS
We have derived new quantities that are rotationally and translationally invariant in the Q-U plane, that can be applied to polarimetric observations of any object, at any wavelength. These include the polarization directional derivative and directional curvature, which completely describe spatial changes of the complex polarization in a specified direction. As the generalized polarization gradient is very similar to the polarization gradient, it traces spatial variations in magnetoionic media, such as vorticity, shear, and shocks. We have also derived the polarization wavelength derivative and wavelength curvature, which completely describe spectral changes of the complex polarization. These two quantities should provide a robust, sensitive method of studying Faraday rotation. In Paper II, we will examine these diagnostics for the case of diffuse, radio-frequency synchrotron emission arising from the turbulent, magnetized, warm-ionized medium.
